In this paper, exponentially fitted finite difference method for solving singularly perturbed delay differential equation with integral boundary condition is considered. To treat the integral boundary condition, Simpson's rule is applied. The stability and parameter uniform convergence of the proposed method are proved. To validate the applicability of the scheme, two model problems are considered for numerical experimentation and solved for different values of the perturbation parameter,  and mesh size, .
Introduction
A differential equation is said to be singularly perturbed delay differential equation, if it includes at least one delay term, involving unknown functions occurring with different arguments and also the highest derivative term is multiplied by a small parameter. Such type of delay differential equations play very important role in the mathematical modeling of various practical phenomena and also widely applicable in the fields such as biosciences, control theory, economics, material science, medicine, robotics etc [1] [2] [3] [4] . Any system involving a feedback control almost involves time delay. The delay occurs because a finite time is required to sense the information and then react to it. Finding the solution of singularly perturbed delay differential equations is a challenging problem. In response to these, in recent years there has been a growing interest in numerical methods on singularly perturbed delay differential equations. In mid-eighties to mid-nineties, Lange and Miura [5] studied a class of boundary-value problems for second-order differential-difference equations in which the highest-order derivative is multiplied by a small parameter and proposed some asymptotic method to approximate the solution of this class of differential equations. In 2002, Kadalbajoo and Sharma initiated the numerical study of such type of boundary value problems [6] [7] [8] [9] [10] [11] [12] . In [13] , a fitted operator scheme on a uniform mesh is suggested to solve an initial value problem for a class of linear and semi linear first order delay differential equations. Amiraliyev and Cimen [14] proposed a first order uniform convergent fitted finite difference scheme for singularly perturbed boundary value problem for a linear second order delay differential equation with large delay in reaction term. Subburayan and Ramanujam [15] gave an initial value technique to solve singularly perturbed boundary value problem for second order delay differential equation of convection-diffusion problem with large delay. The standard numerical methods used for solving singularly perturbed differential equation are sometime ill posed and fail to give analytical solution when the perturbation parameter ε is small. Therefore, it is necessary to develop suitable numerical methods which are uniformly convergent to solve this type of differential equations. In the present paper, motivated by the works of [16] , we developed exponentially fitted operator finite difference scheme on uniform mesh for the numerical solution of second order singularly perturbed convection-diffusion equations with delay and integral boundary condition.
Throughout our analysis C is generic positive constant that is independent of the parameter  and number of mesh points 2. N We assume that 12 [0, 2], (0, 2), (0,1), (1, 2 Therefore, the main objective of this study is to develop more accurate, stable and convergent exponentially fitted operator finite difference method for solving singularly perturbed convectiondiffusion problems with integral boundary condition.
Statement of the problem
Consider the following singularly perturbed problem 
Properties of continuous solution
Lemma 3.1: (Maximum Principle) Let () x  be any function in X such that 
It is a contradiction.
Hence, the proof of the theorem. 
Formulation of the numerical scheme
For small values of ,  the boundary value problem (1)-(3) exhibits strong boundary layer at 2 x  and interior layer at 1 x  (see [16] ) and cannot, in general, be solved analytically because of the dependence of ( ), ( ) and ( ) a x b x c x on the spatial coordinate .
x We divide the interval [ If we consider, the interval (0,1) x  and the coefficients of (1) are evaluated at the midpoint of each interval, then we will obtain the differential equation
For the discretization, we apply a exponentially fitted operator finite difference method (FOFDM). From (9) we have
.
To find the numerical solution of (10) we use the theory applied in asymptotic method for solving singularly perturbed BVPs. In the considered case, the boundary layer is in the right side of the domain i.e. near 1.
x  From the theory of singular perturbations given by O'Malley [18] and using Taylor's series expansion for () ax about 1
x  and restriction to their first terms, we get the asymptotic solution as
where 0 () yx is the solution of the reduced problem (obtained by setting 0)   of (10) which is given by
Considering h small enough, the discretized form of (11) becomes
To handle the effect of the perturbation parameter artificial viscosity (exponentially fitting factor () ) is multiplied on the term containing the perturbation parameter as
with boundary conditions 0 (0) (0) and ( ) 
By applying the central finite difference scheme on Eq. (14) takes the form
with the boundary conditions 0 (0) (0) and ( ) . 
Multiplying Eq. (18) by h and considering h small and truncating the term ( ( ) ( )),
Now using Taylor's series for 1 i y  and 1 i y  up to first term and substituting the results in Eq. (19) into Eq. (16) and simplifying, the exponential fitting factor is obtained as
Case 1: Consider Eq. (4) on the domain 1 (0,1)  which is given by
Hence, the required finite difference scheme becomes
iN  The numerical scheme in Eq. (22) can be written in three term recurrence relation as 11 ,
1, 2,..., 
Similarly, this equation can be written as 11 , 1, 2,..., 2 1 
Therefore, on the whole domain [0, 2]  , the basic schemes to solve Eqs. 
Convergence analysis
The discrete scheme corresponding to the original Eqs. (1)-(3) is as follows:
subject to the boundary conditions: 
Case (iv):
It is a contradiction. Hence the proof of the theorem. 
For the proof refer [16] The following theorem shows the parameter uniform convergence of the scheme developed. Thus, result of Eq. (37) shows Eq. (31). Hence the proof. Remark: A similar analysis for convergence may be carried out for finite difference scheme (24).
Numerical Examples and Results
In this section, four examples are given to illustrate the numerical method discussed above. The exact solutions of the test problems are not known. Therefore, we use the double mesh principle to estimate the error and compute the experiment rate of convergence to the computed solution. For this we put
are the th i components of the numerical solutions on meshs of N and 2, N respectively. We compute the uniform error and the rate of (2) ( ) 2 3 
Discussion and Conclusion
This study introduces fitted operator finite difference numerical method (NSFDM) for solving singularly perturbed delay differential equations with integral boundary condition. The behavior of the continuous solution of the problem is studied and shown that it satisfies the continuous stability estimate and the derivatives of the solution are also bounded. The numerical scheme is developed on uniform mesh using exponential fitted operator in the given differential equation. The integral boundary condition is treated using Simpson's rule. The stability of the developed numerical method is established and its uniform convergence is proved. To validate the applicability of the method, two model problems are considered for numerical experimentation for different values of the perturbation parameter and mesh points. The numerical results are tabulated in terms of maximum absolute errors, numerical rate of convergence and uniform errors (see Tables 1-4 ). Further, behavior of the numerical solution (Figure 1 and 4) , point-wise absolute errors (Figure 2 and 5) and the  -uniform convergence of the method is shown by the log-log plot (Figure 3 and 6). The method is shown to be  -uniformly convergent with order of convergence ( ).
Oh
The performance of the proposed scheme is investigated by comparing with prior study (see Table 2 and 4). The proposed method gives more accurate, stable and  -uniform numerical result.
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